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Abstract. The purpose of this paper is to prove that integral Chow rings of toric 
stacks are naturaUy isomorphic to Stanley-Reisner rings. 



Introductuon 

Intersection theory with integer coefficients of Fulton-MacPherson type on smooth 
algebraic stacks was developed by Kresch, Edidin- Graham and Totaro ( 0] , [10] , [H] ) . 
In particular, the integral Chow ring of a smooth stack which has staratifications by 
quotient stacks (for example, quotient stacks) was defined. The integral Chow ring of 
a smooth algebraic stack is an interesting and deep invariant of the stack which reflects 
the geometric structure together with the stacky structure on it. It is challenging to 
compute them for interesting algebraic stacks. Some examples of smooth Deligne- 
Mumford stacks were calculated. For example, in Edidin and Graham calculated 
the integral Chow rings of the moduli stacks of elliptic curves Aii^i and Vistoli 
calculated the integral Chow ring of the moduli stack of the curves of genus 2 ([16j). 

The purpose of this paper is to compute the integral Chow rings of toric stacks 
defined in ([7], [S]). Our work of the presented paper is motivated by the category- 
equivalence between the 2-category of toric stacks and the 1-category of stacky fans 
(cf. P, Theoreml.2 and Theorem 1.4]). Before stating our main result, let us recall 
the result of Chow rings of toric varieties. 

Theorem (Fulton-Sturmfels, Danilov, Jurkiewicz). Let N = if he a lattice. Let A be 
a non- singular fan in A^^^M and let Xa be the associated toric variety. Let us denote 
by A*{X^) the Chow ring of X^. Then there exists a natural isomorphism of graded 
rings 

(Stanley-Reisner ring of A) A*{X/^). 

If A is a simplicial fan and the base field is in characteristic zero, then A*{X^) ®i Q 
has a ring structure and there exists a natural isomorphism of graded rings 

(Stanley-Reisner ring of A)®iQ^ A*{X/s) ®i Q. 

{See Definition \2. 1\ for the definition of Stanley-Reisner rings of A.) 

Here we would like to invite the reader's attention to the fact that that if A is 
simplicial and not non-singular, the (operational) Chow group A''{X/^) for A; > 1 
could differ from the module of the "degree k part" of Stanley-Reisner ring of A (cf. 
Example 12.71) . Furthermore in such case a somewhat surprising point is that the 
Stanley-Reisner ring of A could be nonzero in degrees higher than the dimension of 
the toric variety X^ (cf. Example 12. 7p . Since the Chow groups of an algebraic space 
in degrees higher than its dimension are zero, thus Stanley-Reisner rings gives us a 
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combinatorial phenomenon which is unaccountable in the framework of schemes and 
algebraic spaces. 

Now we state our main result. 

Theorem (cf. Theorem 12. 2p . Let k be an algebraically closed field of characteristic 
zero. Let (A, A°) be a stacky fan and <^(a,a") the toric stack over k associated to 
(A, A°). Let ^*(<^(A,A")) denote the integral Chow ring of .^(a.a")- Suppose that rays 
in A span the vector space N ^i"^- Then there exists a natural isomorphism of graded 
rings 

(Stanley-Reisner ring of (A, A°)) ^ A*(^(a,ao))- 

//["^(cr)] and [^(t)] are torus-invariant substacks in ^(a,ao) which correspond to cones 
a and t in A respectively {cf. Section 2), we have 

(*) [^M] ■ [^{r)] = [r(7)], 

in A*(^(A,AO)) when a and t span 7. {See Definition \2. 1\ for the definition of Stanley- 
Reisner rings of (A, A°).) 

Since the Stanley-Reisner ring of a stacky fan (A, A^^^^^) with the canonical free- 
net APca.n coincides with the classical Stanley-Reisner ring of A (cf. Definition 12. ip . 



our result says that there exists an isomorphism of graded rings between the classical 
Stanley-Reisner ring of a simplicial fan A and v4*(^(a,ao^„))- 

Here we explain how the usual relations on intersection product of torus-invariant 
cycles on a simplicial toric variety X^, (cf. [5l page 100]) are derived from that 
of the toric stack .^(a.ao^,,,) in {^{/^Acau)) ■ There exists a coarse moduli map 
TTcA.AO ) '■ A A" 1 ~^ -^A- This functor defines the proper push-forward (ttca a" 0* ■ 
A*(^(A,AO,j) A*{X^) ®z Q. By PI Theorem 2.1.12 (ii)] and [IS Proposi- 

tion 6.1], (tte)* induces an isomorphism of groups. Moreover, since a general stabilizer 
group of a toric stack is trivial, (Trs)^, defines an isomorphism of rings (cf. [151 (6-7)]). 
Thus the ring structure of A*( jr(A,Ao^j) ®z Q yields that of A*{X^) ®i Q. The 
proper push-forward (vr(A,AO^„))* : ^*('^(A,ao^„)) ®z Q— ^^*(-^a) ®z Q sends \f{cy)\ to 

j^^^[l^(cr)], since the order of stabilizer group of a generic geometric point on ^^(cr) 

is mult(cr) (cf. O Proposition 4.13]). Here mult (a) is the multiplicity of a, and V{*) 
is the torus-invariant subvariety which corresponds to a cone in A. Thus, the relation 
(*) in v4*(^(A,A03^„)) induces under (vr^)* the relations 

\M( w \Mi w mult(a) ■muh(r) 
[^(-)] ■ \yir)\ = [V{^)] 

in A*{Xa) 02 Q if 0" and r span 7. 

There are more interesting points to notice. It is known that the operational Chow 
group of a complete toric variety is torsion- free (cf. [6j). On the contrary, the integral 
Chow group of a complete toric stack could have a lot of torsion elements. Moreover, 
as noted above, it could be nonzero in degrees higher than the dimension of the toric 
stack (cf. Example 12. 7p . This is a substantial difference to the intersection theory on 
schemes and algebraic spaces. 
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The presented result can be also viewed as an application of intersection theory with 
integral coefficients ( [1] , [ID] , [E] ) to toric stacks. We hope that the reader finds our 
computation here shows a nice relation between toric stacks and combinatorics. 

The presented paper is organized as follows. In section 1, for the computation of the 
integral Chow rings (cf. |,4J), we obtain the quotient presentations of toric stacks defined 
in [7] and [S]. For this purpose, we generalize the functor defined in [T], which represent 
a smooth toric variety (in characteristic zero), to a certain groupoid. In section 3, we 
present the proof of the main result. Finally, we calculate some examples. 

Notations And Conventions. Set N = Z'^ and M = Romz{N,Z). Let (•, •) be 
the dual pairing. Let A be a fan in Nj^ = N ®z K (we asumme that all fans are finite 
in this paper) (cf. [5]). Denote by A(l) the set of rays. Let us denote by Vp the first 
lattice point on a ray p G A(l). Finally, let A^ax denote the set of maximal cones in 
A. A pair (A, A°) is called a stacky fan if A is simplicial fan in A^ and A° is a subset 
of A n A such that for any cone cr in A, a D A° is a sub-monoid of a fl A which is 
isomorphic to where r = dim a, such that for any element e G a fl A, there exists a 
positive integer n such that ■ e G a fl A°. The initial point of p fl A° is said to be the 
generator of A° on p. Let Vp denote the first lattice point of p fl A and Up the initial 
point of p n A°. The positive integer Ip such that Ip ■ Vp = Up is said to be the level of 
A° on p. Notice that is completely determined by the levels of A*^ on rays of A. 
Each simplicial fan A has the canonical free- net A^^^^, whose level on every ray in A 
is 1. 

Give a stacky fan (A, A°), we have the associated toric stack ^(a,a°) ^^^^ ^ hase 
scheme S. If S is the spectrum of a field k of characteristic zero, ■^(a,a°) ^ smooth 
Deligne-Mumford stack that is of finite type and separated over k. For details, we refer 
to [3 section 4], [8]. 

1. (A, A°)-COLLECTIONS 

In [1], given a fan A and a scheme Y, Cox defines notions of A-collections on 
Y and equivalences between them. Then he showed that the functorFA : Y i-^ 
{A-collections on Y}/ ~ represents the toric variety Aa if A is non-singular. If A 
is singular, unfortunately, the functor of A-collections fails to represent the toric va- 
riety Aa. The aim of this section is to generalize the notion of A-collections and [H 
Theorem 1.1] and give a quotient presentation for a toric stack ^(a,a°) defined in [7| 
(cf. Corollar}|IS]). 

Definition 1.1. A (A, A^)- collection on F is a triple 

({/:p}p6A(i), {Mp}peA(i), {Cm ■■ ®p/:f ^ OrUeM), 

where Cp is an invertible sheaf on Y, Up G H^{Y,Cp) and isomorphism of 

invertible sheaves with the following additional properties: 

(1) Cm ® Cm' = Cm+m' for all m, Tu' G M. 

(2) The homomorphism S^gA„,ax ®p^a{i) u*p : 0<,gA„,ax ^ ^ is sur- 
jective where u* : Cp^ Oy is induced by the homomorphism Up : Oy 
Cp, (1 Up). 

If / : y — i> y is a morphism of schemes, then we define the pullback 

/*({/:p}peA(l), {Wp}pgA(l), {Cm : '"'""^ ^ Oy}m^M), 
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to be ({/*/:p},eA(i), {/*n,},eA(i), {/*c„ : ^ Oyj^eA/)- 

Remark 1.2. Let A be a non-singular fan and A^^^ the canonical free- net. Then 
A-collections in p] are (A, A[!3^j^)-collections, and vice versa. 

If A is the empty set, a (A, A°)-collection on Y is just a collection {cm '■ Oy 
OY}meM such that Cm+m' = Cm ® Cm' foY all 171, m' G M. This canonically corresponds 
to a F- valued points of SpecZfM]. 

Definition 1.3. If A is a non-empty set, a morphism 

{{^p}peA{l)-, {^^p}peA(l), {CmjmGA/) — > ({-^^pIpeACl) , {^^p}pGA{l), {Cmj-mSA/) 

between (A, A°)-collections on F is a set of isomorphisms {0p : Cp ^ >C|^}pgA(i) indexed 
by A(l), such that: 

(1) (ppiUp) = u'p 

(2) For every m & M the diagram 



Y 




commutes. 

When A is the empty set, the set of morphisms from {cm '■ Oy Oy} to 
{c^ : Oy ^ Oy} is {Idetity} if Cm = for all m G M and is the empty set if 
otherwise. 

Let be a scheme, and define a fibered category 

•^(A,AO) (S'-schemes) 

as follows. The objects of J^(a,ao) over a S-scheme Y are (A, A°)-collections on 
Y. A morphism between two objects in Ob(JF(^^^o))(y) is a morphism of (A, A*^)- 
coUections on Y . With the natural notion of pullbacks, J^(a,ao) is a fibered category 
over (S'-schemes). By fppf descent theory for quasi-coherent sheaves, .?^(a,ao) is a stack 
with respect to fppf topology. 

Theorem 1.4. Let S he the spectrum of an algebraically closed field k of characteristic 
zero. Let ^(a,ao) be the toric stack (overk) associated to (A, A°) (cf. [8J). Then there 
exists an isomorphism of stacks 

•^(A.AO) ^ <^(A,A'^)- 

The proof of Theorem 11.41 proceeds in several steps. 

Lemma 1.5. To prove Theorem \1.9[ it suffices to show the followings: 

(a) The stack J^(a,ao) is a smooth Deligne-Mumford stack of finite type and sepa- 
rated over k. 

(b) Let 71 : J-'(a,a°) —^Fhea coarse moduli space for J-'(a,a°) (^^^ /^'^ exam- 
ple, [?, Definition 2.4]). Then F is isomorphic to the toric variety X^, and 
71^^ {Spec k[M]) SpecA;[M] C .^(a.ao) is an isomorphism. If Dp is the toric 
divisor of corresponding to p, the order of the stabilizer group of a geometric 
point on the generic point of 7T~^{Dp)T.ed is the level o/ A° on p. 
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Proof. By proof of [8l Theorem 1.3] and above two assumptions, J-'(a,a°) isomor- 
phic to the toric stacks ^(e,so) for some stacky fan (S, S°) (Note that if the coarse 
moduh space is a toric variety the assumption of an existence of a torus action in [H 
Theorem 1.3] is not necessary for our purpose). We have to show (A, A'') = (S, S°). 
Since F = Xa we have A = S. Let C ^{a,a°) (I'ssp. C ^(a.s")) the toric 
divisor corresponding to p in ^(a,ao) (resp. ^(a,eo))- Then notice that <^(a,ao) is iso- 
morphic to ^(a,eo) if and only if for any ray p G A both stabihzer groups of geometric 
points on the generic points of and have the same orders. Since the order of the 
stabihzer group of a geometric point on the generic points of equals to the level of 
A° on p, we have A° = □ 

1.1. A smooth Deligne-Mumford stack of finite type and separated over k. 

In this subsection, we prove (a) in Lemma [1.5[ Unless stated otherwise, we work over 
k. Consider a collection 

P = {{ap : Oy,p ^ Oy}pgA(i), {up G H%Y, Oy,p)}peA{i), {c. : Oy ^ OyjreR) 

where ap : Oy^p — > Oy is an isomorphism of invertible sheaves, such that So-gAmax®p^o-(i) 
• ©o-eAmax '^pt'^W^Y^^p ~^ is surjective, and c^+r' = Cr ®Cri for all r, r' G R. Here 

R = Homgroupsl-^/ (SpZ ■ Vp),Z) C M where Vp is the first lattice point of p. We shall 

refer to such collections as linear A- collections. 

Let = ({a? : 0« ^ Oy}p6A(i), e Oy,,)},eA(i), {c^^^ : Oy ^ 

Oy}reR) (for i = 1, 2) be linear A-coUections. We say that Pi is equivalent to P2 if there 

exists an isomorphism (f)p : Cy^ — ^ Oy^ such that (f)p{u^p^) = up and Op^^ ° 4>p = 

for all p G A(l) and Cr^'* = Cr^'' for all r G R. The following functor 

La : (/c-schemes) (Sets), Y ^-^ {linear A-collections}/ ~ 

(here ~ denotes the equivalence relation) is representable by a quasi-affine scheme 
UeA_ Specfc[x„p G A(l)]n^^„,,)., ® k[R] C Spec/c[a;p,p G A(l)] ® /.[P] = A^^D x 
Spec/c[P]. Define a group scheme 

G(A,A«) := {(«p)peA(i) G G^(i)|npaf = 1 for any m G M} 

= Specfc[xf ,p G A(l)]/(n,xf - l)„eM. 

There exists a natural action a : La x ^(a.ao) ~^ La of ^(a.ao) on La defined by 

{{ap : Cy,p ^ Oy}, {Up}, {cr : Oy ^ Oy}}iap) := {{ap : Oyp ^ Oy}, {up-ap}, {c, : Oy ^ Oy}}. 

Since G(a,ao) is a smooth group scheme (characteristic zero), the quotient stack [La/G'(a,ao)] 
is a smooth algebraic stack of finite type over k (cf. [HI proposition 10.13.1]). 

Next we show that [La/G(a,ao)] has a finite diagonal. To this aim, clearly we 
may suppose that rays in A span the vector space (S>z For a cone a G A set 
= Speck[xp,p G A(l)]n^^^^^j^p C La = l^seA^^^^Us. The restriction x ^(a.ao) ^ 

Ua X Ua of the morphism La x (^(a.ao) -^a x La is defined by 

k[xp,pe A(l)]n^^,(,)Xp ® A;[a;p,p G A{l)]n^^^^,^^^^ 

k[xp,pe A(l)]n,,,(,)., ® /^[<Sp G A(l)]/(n,xi™'"''> - l)„eAf, 
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Xp 1 i-^ Xp0 1, 1 10 Xp i-^ Xp 10 Xp. 

It suffices to showthat A;[xp,p G A{l)]ji^^^^_^^^^0k[x'^^ , p G A(l)]/(npX^™'"''^-l)mgM is a 
finite k[xp,p G A{l)]np^^^-^-,^p0k[xp, p G A(l)]np^^(i)Xp algebra. By an easy observation, 

it is reduced to show that k[x'^'^, p G cr{l)]/ (npgo-(i)a;p™''"'''^ — l)mGM is a finite /c-algebra. 
This follows from the fact that a is simplicial. Thus [i^A/G'(A,AO)] has a finite diagonal, 
in particular separated over k. Moreover in characteristic zero, it is a Deligne-Mumford 
stack. 

Now we construct an isomorphism from [i^A/G'(A,AO)] to J^(a,a°)- '^^i^ P^^^ is non- 
canonical. Choose a splitting M = R@ R' where R' is a finitely generated free abelian 
group. Define a morphism La -> ^(a,a") by ({ftp : Oy,p ^ C'y}pGA(i), {Mp}peA(i), {cr ■ 

Oy ^ OY}reR) ^ ({Oy,p,Wp}pgA(i),{cp.,M®®p«p^"'"''^ : Oy^pO^^""^ ^ OyU^m), 
where pr^ : M = R (B R' ^ R is the first projection. Consider the diagram La x 
G(A,AO) =^ -^A ~^ ^{A,A°)- Then we have a natural 2-isomorphism between the both 
two composites. Thus there exists a morphism z : [La/G(a,ao)] -^(a.ao)- We can 
easily observe that every (A, A°)-collection on a fc-scheme Y has, fppf locally on Y, 

the form ({Oy, UpjpeAd), {c„ : ^pO^^'"'""^ ^ Oy} mGAf) such that Cr' IS an identity 
for all r' G -R'. Since [La/G'(a,ao)] and J-'(a,a°) ^PP^ stacks (cf. [HI (10.7)]), the 
functor z is essentially surjective. 

To prove the fully faithfulness, note first that we may work fppf locally on Y and 
put two linear A-coUections Ci := ({Op : Oy^p Oy} p^ {up}pe a{i), {cr '■ Oy ^ 

Cyjrei?) and C2 := ({ftp : Cy,p Cy}pgA(i), {Mp}pGA(i), {< : Oy ^ CyjrGfl)- If 
= c'j. for all r E R, the set of morphisms from Ci to C2 in [La/G'](F) is 

{(Ap)p G ^(r)! Ap ■ Up = u'^ for any p G A(l)}. 

In this case, the set of homomorphism from z{Ci) = ({Cy,p, Mp}pGA{i), {cprj(m) ® 

^^^Mm,n,) _ Oy 0p O^^;^"-^^ ^ OyW^.) tO ^(C^) = ({^y.p, <}pG A(l) , {c^,^ (^) ® 

•^(A,AO)(^) can be canonically identified 

with the set 

{(Ap)p G Gt^'\Y)\XpUp = u'^ for any p G A(l), n,Af = 1 for any m G M} 

by {Ap : Cy,p Oy^p, 1 1-^ Ap}p, and bijectively corresponds to the set of mor- 
phisms from Ci to C2 in [La/G](F). If otherwise, both Hom[L^/G'](y)(Ci, C2) and 
HomjF^^ ^Q^(y)(z(Ci), ^((72)) are the empty sets. Thus z is fully faithful. Therefore 
J^(A,A°) ^ smooth Deligne-Mumford stack of finite type and separated over k. 

Remark 1.6. The above argument also implies that the stack J^(a,ao) over a general 
scheme is algebraic. Namely, we conclude that: 

Proposition 1.7. Lei JF(a,ao)/z denote the stack of {A, A^)- collections over Spec Z. 
Then J-'(a,a°)/^ '^^ Artin stack of finite type over Z with finite diagonal. Let r be 
the order of the torsion subgroup of the cokernel of M ^ ©peA(i)Z • Cp defined by 
m I— i> T,p{m,np) ■ Cp. If r is invertible on a scheme S, J^(a,a")/z S is smooth over S. 

Remark 1.8. Let (A, A^^^) be a stacky fan with the canonical free- net such that A is 
non-singular. Let Xa (resp. -^(AALn)) toric variety (resp. the toric stack) over 

Z associated to A (resp. (A, A^^^^)) (the definition of toric stacks ([7], [8]) works over 
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arbitrary base schemes). While ^{A,A2an) isomorphic to the toric variety over Z, 
it is not clear whether or not J^(a,ao)/z is isomorphic to over Z. 

1.2. The coarse moduli space for J-'(a,ao)- In this subsection, we prove (b) in 
Lemma 11.51 Clearly, we may suppose that rays in A span the vector space N ®z I^- 
Set G := G{A,A'')- 

First by imitating the proof of [21 Theorem 2.1], we see that geometric quotient (in 
the sense of Mumford [12j) of La x G A La is a toric variety associated to A. We 
will show that the toric variety is a coarse moduli space for [La/G] = ^(a,ao)- To 
this aim, by [131 Theorem 2.6 (iii)], it suffices only to prove that q : [La/G] Xa is 
proper with the property Ox^ — q*0[L^/G] and gives a bijection on geometric points. 
Note ffist that Xa is a geometric quotient and thus q induces a bijection on geometric 
points. Moreover Ox^ = <1*0[l^/g]- The properness of q follows from the fact that q 
is a universal submersion, in particular universal closed map (It is easy to see that q is 
separated and of finite type). Therefore the coarse moduli space for J^(a,ao) is a toric 
variety Xa. 

The quasi-affine scheme La contains an algebraic torus Spec/c[x^^,p G A(l)] as a 
dense open set. The restriction Specfc[x^^,p G A(l)] x G Speck[x'^^,p G A(l)] of 
the action a : La x G — > La is free and the quotient stack [Spec A;[x^^, p G A(l)]/G] 
is isomorphic to SpecA;[M] by [7, Claim 4.1.1]. The torus Specfc[M] C J-'(a,a°) i^ 
identified with the torus in Xa via the coarse moduli map. 

Next fix a ray po- We will show that if Dp^ denotes the toric divisor of Xa corre- 
sponding to Po, the order of the stabilizer group of a geometric point on the generic 
point of TT^^ (Dp) j-ed is the level of A'' on po- Lst K be an algebraic closure of the 
function field of 7r^^(Dp)rcd and p : Specif — ^ ^(a,ao) a geometric point over the 
generic point of 7r^^(Dp)red. Taking account of the smooth atlas La ^(a,ao), 
the (A, A°)-collection on Spec K determined by p : Spec K ^(a,ao) has the form 

{{OspecK,p,Up}p,{cm ■ ®pC's"ec/^,p ^ OspecK}meM) such that Up^ = and Up ^ if 
p 7^ Pq. It remains to calculate the order of the group of automorphisms of this (A, A*^)- 
coUection. To this end, note that we may assume po = M>o ■ (1, 0, . . . , 0) C Z'^ = X. 
Furthermore if {4>p}p is an automorphism, 0p (p 7^ po) should be an identity 1 since 
Up 7^ 0. Let / be the level of A° on po. Then Up^ = {1,0, ... ,0). By the above argument, 
{0po '■ C>specK,po OspecK,po,4>p = 1 (p 7^ Po)} gives an automorphism exactly when 
for any m G M, the diagram 



®{m,npQ) 
Spec K,pQ 



Spec K,p(i 



SpecX 




commutes. Thus (pp^ : Cspeci^,po Ospec K,p sends 1 G Cspeci<:,po to C e C'speci^,po for 
some C G pi{K), and the automorphism group is isomorphic to p^i{K) = Z/ZZ. 

We complete the proof of Theorem II. 4[ □ 
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Corollary 1.9. Let k be an algebraically closed field k of characteristic zero. Let 
■^(A,A°) toric stack (overk) associated to (A, A°) (cf. [8J). Then there exists an 

isomorphism of stacks over k [i^A/G'(A,AO)] ^{a,a°) '^(a,a°)- 

2. Integral Chow Rings of Toric Stacks 

In this section, we calculate integral Chow rings of toric stacks. We shall use notation 
similar to section 1, and from now on we assume that the base field k is an algebraically 
closed field of characteristic zero. Our computation is based on intersection theory on 
stacks due to Kresch, Edidin-Graham, and Totaro. For details, we refer to |1] [10] [Ti] . 
For a Deligne-Mumford stack X, we denote by Ai{X) the i-th integral Chow group of 
X (cf. H section 5.3], pLQi section 2.1]). 

Let us fix some notations. If A is a fan (resp. a stacky fan), then for a cone 6 E A 
we denote by V{6) (resp. 1^(5)) the torus-invarint cycle on the toric variety Xa (resp. 
the toric stack ^(a,ao)), which corresponds to S. If 7r(A,A0) : '^(a,ao) ^A denotes a 
coarse moduli map, then the cycle y{S) defines to be the reduced cycle 7r^'^^o)(^(5))red- 
For a ray p G A, if no confusion seems likely to arise, we may write Dp (resp. ^p) for 
the torus-invarinat divisor V{p) (resp. y{p)). 

Given a stacky fan (A, A°), let us define the Stanley-Reisner ring of (A, A*^). 

Definition 2.1 (Stanley-Reisner ring). Let (A, A") be a stacky fan. Consider a poly- 
nomial ring Z,[^p, p G A(l)]. Let /(a,ao) be the ideal generated by the linear forms 
SpeA{i) ("^5 as m ranges over M. Here Up is the generator of A" on p. Let Ja 
be the ideal generated by the monomials ■ ■ ■ ^p^ such that (pi, . . . , p^) ^ A. We 
define the Stanley-Reisner ring SR(a,ao) of (A, A°) to be 

Z[%,pG A(l)]/(/(A,AO) + Ja). 

For a simplicial fan A let us denote by A'^^^ the canonical free- net and set /a := 
/(A,Ao^n)- Then the classical Stanley-Reisner ring SRa of A is defined to be 

Z[^„pG A(1)]/(/a + Ja). 

For the notion of Stanley-Reisner rings of fans and polytopes, see (P, Section 5.2], [31 
10.7]). 

Theorem 2.2. Let (A, A°) be a stacky fan and =^(a,ao) the toric stack associated to 
(A, A°). Let v4*(^(A^^o)) denote the integral Chow ring of ^(a,a°)- Suppose that rays 
in A span the vector space N ®z Then there exists an isomorphism of graded rings 

SR(A,AO) ^*('^(A,AO)) 

which sends QJp to C\{0 x^^^ aO)(^p))- cones a, r G A span 7 G A, then we have 

(*) [^(^)] ■ [yir)] = [ym 

m A*(jr(A,AO)). 

As the first step to Theorem 12. 2[ we will calculate the Picard goup of a toric stack. 

Proposition 2.3. Let (A, A°) be a stacky fan and <^(a,ao) the toric stack associated to 
(A,A°). Le^ Pic(,^(A,AO)) denote the group of invertible sheaves on ^(^^ ^o^^^t. Suppose 



INTEGRAL CHOW RINGS OF TORIC STACKS 9 

that rays in A span the vector space A^^^M. Then there exists a natural isomorphism 
of groups 

peA(i) 

where ©pgA(i) ■ is a free abelian group generated by {^p}pgA(i) {we abuse nota- 
tion) . 

Proof. Put G := G'(A,AO)- Observe first that every invertible sheaf on La is trivial. 
Indeed La is a smooth toric variety, and any invertible sheaf (line bundle) C on La is 
represented by a linear form of torus-invariant divisors with integer coefficients. Every 
torus-invariant divisor on La comes from some toric divisor on A^^^^^ (recall La C A^^^^^ 
!). Since every torus- invariant divisor on A^*^^^ is a principal divisor, thus C is trivial. 
Then we obtain 

Claim 2.3.1. The Picard group Pic(^(A,AO)) on ^(a,ao) is isomorphic to 

meM- 

peA(i) 

Proof of Claim. Let £ be an invertible sheaf on ^(a,ao)- Let p : L(a,ao) ~^ <^(a,a°) — 
•^(A,AO) — [-^a/G(a,ao)] be a projection and set M := p*C. By the above observation, 
M is a trivial invertible sheaf. Let pr^ : La x G — > La denote the first projection 
and a : La x G ^ La the action. By the descent theory, the invertible sheaf C 
on ^(A,A") — [La/G] amounts exactly to an isomorphism of invertible sheaves a : 
pr^M a*M which satisfies the usual cocycle condition. Notice that the complement 
^A(i) _ hag codimension more than 1. Thus Aut(pr^M) is canonically isomorphic 
to 

Hom(fc_schemes) (-^A X G,Gm) — Hom(fc_schemcs) (^^^^■' X G,Gm) = Hom(fc_schcmes) (G, G^) 

where Aut(prJM) is the group of automorphisms of the invertible sheaf prlM. Let 
(M, (To : prJM ^ a*M) be a pair corresponding to a trivial invertible sheaf on =^(a,ao)- 
Taking account of the cocycle condition, there exists an isomorphism of groups 

Hom(gi.oup fc-schcmcs) (G, G-m) ^ Pic( =^(A, A") ) 

which sends u G Hom(group fc-schemes)(G', G^) C H^{G,0*q) to (M,pr*M A pr*M ^ 
a*M). Here u : pr^M — pr^M is defined by 1 ^— m. On the other hand, there exists 
an isomorphism of groups 

Hom(group fc-schemes)(G', G^) = Z ■ S!p/ (SpgA(l)("^, ^p) " ^p)m&M- 

peA(i) 

Hence we obtain our claim. □ 

Let us go back to the proof of Proposition. If G denotes the complement <^(a,ao) ~ 
SpecA;[M] there exists the excision sequence (pi). Proposition 2.4.1]) 

/l,_i(C) ^ Arf_i(S-(A,AO)) ^ Arf_i(SpecA;[M]) 
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where Ad-i{») denote integral Chow groups (cf. [I0],[1]). Moreover y4(i_i(Spec A;[M]) = 
and Ad-iiC) = ^^^p"*^ °f ^) = 0pgA(i) ^ ' Hence we have a sur- 

jective map 0pgA(i) ^ ' ~^ ^d-i(=^(A,AO)) — Pic(<^(A,A")) (^^^ isomorphism 
follows from [4, Proposition 18]). Observe that for any m G M, SpGA(i)("^7 ""-p) • 
maps to zero. To see this, consider a free abelian group := 0pgA(i) ^ ' 
define a homomorphism of abelian group h : N ^ N hj Cp ^ Up. Let A C ®z IR 
be the sub-fan of ©pgA(i)IR>o " such that a cone 7 G ©pgA(i)IR>o " lies in A if 
and only if h^{'y) is a cone in A. Then by [8, Corollary 3.9] the associated morphism 
of stacky fans h : (A, A^^^^) (A, A°) determines a smooth surjective morphism 
p : — > <^(A,AO)- Note that the morphism /i : A ^ A of fans corresponds to the 

composite — ^ '^(a,ao) ^a- By the construction, a rational function m E M 

of =^(A,AO) defines a torus-invariant divisor p*{m) = Tip{m, Hp) ■ Ep on X^, where Ep is 
the reduced torus-invariant divisor corresponding to M>o ■ Cp G A. Since p~^{^p) = Ep, 
thus a rational function m E M induces T,p{m, Up) ■ S)p on <^(a,ao)- Therefore we have 
a surjective map 

pGA{l) ("m, "n-p) ■ ■^p)meA/ — ^ Pic(.^(A,A''))' ^ Ci(0(^p)). 

peA(i) 

To complete the proof it suffices to show that this map is injective. The group 
Pic(^(A,AO)) is isomorphic to 0peA(i) ^ ' ^pI {^p&A{i)(rn,np) ■ &p)meM- Thus the in- 
jectiveness follows since 0pgA{i) ^ ' ^p/ (^peA(i) {fn, ^p) ■ ^p)m<^M is a finitely generated 
abelian group. □ 

Now we will prove Theorem 12.21 

Proof of Theorem \2.2[ First of all, if two cones a and r in S span the cone 7, 
then y{cr) and '^(t) intersect transversally at '^(7) by [Tj, Proposition 4.19] (it also 
follows from the quotient presentation). This implies the relation (*). Next we shall 
show that the map from Stanley-Reisner ring to the Chow ring is an isomorphism. 
By Corollary 11.91 the toric stack ^(a,ao) has the quotient presentation [i^A/G'(A,A0)]5 
where (^(a.ao) is isomorphic to x H. Here if is a finite abelian group, and k = 
#A(1) — dim(^(A,AO))- Set G = G(a,ao) and W := L(a,ao)- Note that W has the form 
A^(i) - Z where Z is a close subscheme. Decompose H into Z/miZ x ■ • ■ x Z/mj.Z. 
Note that we may view G as the closed subgroup of the maximal algebraic torus in W. 
According to the definition of Chow groups due to Edidin-Graham ([4]), first of all, 
in order to compute the Chow ring of ^(a,ao)) "we shall construct a certain N{k + r)- 
dimensional representation of G, i.e., an action of G on the affine space V := A^'^'^"'"'^^ 
such that V has an open set U on which G acts freely and whose complement has 
codimension more than A^ — 1. To this aim, by choosing the primitive mj-th root Q 
in the base field for 1 < i < r, we embed G = x Z/rriiZ x ■ ■ ■ x Z/m^Z into the 
closed group subscheme of x as follows: 

G = X Z/miZ X ■ ■ ■ X Z/m,Z G^ x G^,, 

where u G G^ and (/i, . . . ,lr) G Z/miZ x ■ ■ ■ x Z/rrirlj. This embedding yields the 
action of G on an affine space A^~^^. We extend this action to A^^*" x ■ ■ ■ x A'^"'"^ = 
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^Nik+r) diagonally. Set := A(^~i)(*--+'') x G\^'^"' x A(^-^)('=+''), and U := Ui<i<M. 
Then the action of G on f/ is free and A^^''^^'^ — U has codimension more than — 1. 
Then we have Aj(,C(A,AO)) = Ai+Ar(fc+r)((W^ x U)/G) for > dim( jr(A,AO)) - ^ (cf- ^, 
[TU]). Here G acts on x [/ diagonally (this is a free action). 

Next, let us compute the Chow group of (W x U)/G. To this aim, we show that 
{W X U)/G is a smooth toric variety. First, notice that since G is a linear reductive 
algebraic group, and thus by geometric invariant theory, we see that {W x U)/G is 
an algebraic variety. Moreover W x U and G are smooth, [W x U)/G is smooth. 
W X U contains the maximal torus Gm^^ x Gm^'''^^^ as a dense open subset, and this 
torus naturally acts on W x U. Since Gm^^ x Gm^'^'^^^ is commutative, the action 
of G^^^^ X G^^^^''+''^ onW xU descends to {W x U)/G. Thus the action of (G^^^^ x 
QN{k+r)y Q i^ggif ig naturally extended to {W xU)/G. Recall the fact that quotients 
of diagonahzable groups are diagonalizable. Since (Gm*'^'* x Gm^'^^^'') / G is connected, 

{Gti^^ X Gm^^^'^'^) / G is an algebraic split torus. Hence we conclude that {W xU)/G 
is a smooth toric variety. 

Let A^' = Z°'+^('=+^') be a lattice and S the fan in A^' M = such that the 
associated toric variety is {W x U)/G. Let us denote by the set of torus- 

invariant divisors on {W x U)/G arising from the torus-invariant divisors on W (or 
equivalently [VT/G]). (Notice that S(l)' also bijectively corresponds to the set of torus- 
invariant divisors on the toric variety A^"^^).) The projection {W x U)/G ^ ^/G] is 
a torus-equivariant morphism and induces a bijective map 

g: A(l)^S(iy, 

via the flat pull-back of {W x U)/G —>■ [W/G]. The following is a key Lemma for the 
proof. 

Lemma 2.4. ((i)) The fan H is a non-singular fan, and the rays in S span the 
vector space N^. 

((ii)) Let ai, . . . , be rays in S(l)', and Pi, . . . , Pb be rays in S(l) — S(l)'. Sup- 
pose that the cones {ai, . . . ,aa) and {Pi, . . . , Pb) o,re in S. Then the cone 
{ai, ...,aa,Pi,.. ■,Pb) IS m S. 
((iii)) If Pi, ... , Pn-i is rays in S(l) — S(l)', then Pi, ... , Pn-i span a cone in S. 

Proof, (i). Since {W x f/)/G is smooth, thus S is a non-singular fan. To show that 
the rays in S span the vector space A^j^, notice that W xU is also a toric variety and the 
projection W xU (W x f/)/G is a torus-equivariant map. We denote by E the fan in 
which represents the toric variety W x U. Let us denote by : (S, A^") — > (S, A^') 
the map of fans which represents the projection W x U {W x U)/G. Since the 
projection is surjective, induces the surjective map 0ir : — > A^^- ^^e other 
hand, the rays in S span the vector space and thus our claim follows. 

(ii). By the construction of action of G on W x U, the torus-invariant divisors on 
W X U bijectively correspond to the torus-invariant divisors on [W x U)/G. Thus 
we have S(l) = S(l). Let (ii,...,da , and Pi, . . . , Pb be rays in S which corre- 
spond to , aa, and Pi, . . . , Pb respectively. Both of sets of rays {di, . . . , da], and 
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{Pi, . . . , Pb} span cones in S, and the cycles V{{di, . . . , da)) and V{{Pi, . . . , Ph)) inter- 
sect. Therefore V{{ai, . . . , and V{{Pi, . . . , Ph)) intersect and thus ai, . . . , A, • • • , 
span the cone in S. 

(iii). Let Pi,...,Pn-i be rays in S which correspond to . . . , /^tv-i- These 
rays . . . , /3iv_i also correspond to the torus-invariant divisors in U. Since U = 
Ui<i<7v(A(*-i)('=+") X G^^^"^ X A(^-*)('=+'-)) C A^(^+'^), V{{pi, . . .Jn-i)) is a non-empty 
set. Thue the rays Pi, ... , Pn~i span the cone {Pi, . . . , Pn-i) in S. Since S(l) = 
and S is non-singular, (f)R{{Pi, . . . , P^^i)) = {Pi, . . . , Pn-i) and this completes the 
proof. □ 

From now on the positive integer is assumed to be greater than 1. The group 
Aii-i+N{k+r)i\iW ^ U)!^]) = ^d-i+N{k+r){.XY) IS generated by torus-invariant divisors 
V{p) as p ranges over E(l) (cf. [6l Proposition 2.1]). The rational equivalent relations 
on these divisors are generated by the hnear forms ^pej]{i){Tn,Vp) ■ V{p) as m ranges 
over M' = Hom(A^',Z). Here Vp is the first lattice point of p. We denote by / the 
subgroup of ©pgs(i)^ ■ Dp generated by the above linear forms Spgs(i)(m, Vp) ■ Dp. On 
the other hand, by Proposition 12. 3[ there exists a natural isomorphism 

Ad-i+Nik+rMWxU)/G]) = ^_i(jr(A,AO)) = Z-%/iJ:peAii){m,np)-%,me M). 

P6A(1) 

Thus Ad-i+N{k+r)i\iW ^ U)IG]) is generated by the torus- invariant divisors arising 
from the torus- invariant divisors on ^(a,ao) — [W^/G]. Therefore we can choose the 
element 

(*) - Spgs(i)'ap • Dp {ap E Z) 

in I for each ray ^ in (S(l) — The Chow ring x U)/G]) is generated by 

torus-invariant divisors Dp as p ranges over Indeed, notice that [(W x U)/G] is 

smooth. Thus by [6l Proposition 2.1], the Chow ring y4*([(W^ x U)/G]) is generated by 
torus-invariant divisors Dp as p ranges over S(l)' because Ad-i+N(k+r){[(W x U)/G]) 
is generated by the torus-invariant divisors arising from the torus-invariant divisors on 
=^(A,AO) — [W^/C]- Let pi, . . . , pk be rays in A. Then (pi, . . . , pk) is a cone in A if and 
only if {q{pi), . . . ,q{pk)) is a cone in S. The element '^p^/^(i){'m,np) ■ Dq(^p) lies in J^. 
Therefore there exist surjective homomorphisms of graded rings 

e : n&p,pe A(1)]/(J(A,A0) + ^a) -> nDp,pE S(l)]/(/s + Js), 
where i{&p) = D^^p), and 

7^ : Z[Dp, p e S(l)]/(/s + Js) ^ A*{[{W x U)/G]). 
where rj{Dp) = V{p). 

Next we show the following Proposition. 
Proposition 2.5. The composition rj o is bijective modulo degree N. 

Proof. To prove this, we first show that ^ is bijective modulo degree N. Let 

(resp. ) be the ideal generated by the monomials Dp^ ■ ■ ■ Dp^ such that pi, . . . , p^ 
are in S(l)' (resp. S(l) — S(l)') and {pi, . . . , p^) ^ S(l). Then by Lemma 12.41 (ii). 

Js is generated by two ideals J^^ and Moreover by Lemma 12.41 (iii), J^^ is 

generated by the monomials whose degree are greater than — 1. On the other hand. 
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by Proposition 12.31 and [6l Proposition 2.1], is bijective modulo degree 2. Since are 
generated by linear forms and contains elements (*), we see that ^ is bijective modulo 
degree A^. Finally, Proposition follows from the next lemma. 

Lemma 2.6. The natural morphism of graded rings 

7] : Z[Dp,pe + J^)^A*{[{W X U)/G]) = A*(Xe), 

is an isomorphism. 

Proof. Let r be an s-dimensional cone in S. Let m be an element in r-*" fl M'. We 
define e(r, m) to be 

(fl Ps + l)3'" 

in E 

Here n(pi,..._p^^-^),,- is a lattice point in (pi, . . . , p^+i) whose image generates the one 
dimensional lattice N'^^^^ ^__^^^/A^|. Here iV|^^ (resp. N'^) is a sublattice of iV' 

generated by (pi, . . . , Ps+i) fl A^' (resp. r fl N'). Let us denote by 'y{pi,...,p^+i),r the first 
lattice point of the ray of (pi, . . . , p^+i), which is not contained in r (it is unique since 
E is a non-singular fan, in particular simplicial). Since S is a non- singular fan, e{T,m) 
is equal to 

(P1,...,Ps + 1>3t 
inE 

To show the Lemma, firstly, note that the ring rj : Z[Dp,p G S(l)]/(/s + Js) has 
no element whose degree is greater than dim[(iy x U)/G]. Indeed, by Lemma [2.41 (i), 
it follows from an elementary argument as in the proof of [3, 10.7.1]. Then taking 
account into [6], Proposition 2.1 (b)], what we have to show is the following claim. 

Claim 2.6.1. Let (Is + Js)fc be the Z-module generated by the homogeneous elements 
of the ideal /e + ^s whose degree are equal to k. Suppose that k < dim[(iy xU)/G]. Let 
(Ls)fc be the Z-module generated by elements e{T,m) (r e T,{k — l),m e r-*- flM') and 
the monomials Dp^ ■ ■ ■ Dp^ such that {pi, . . . , pk) ^ S. Then there exists the canonical 
homomorphism 

( ZDp,...Dp,)/{Lj:),-.{ ZD;i...D^;J/{h + J,:),, 

Pl,---.Pfc6S{l) Pl,...,PsSE{l) 
PjT^Pj if ri,...,raeZ>j^, rj H i-rg — k 

and it is an isomorphism. 

Proof. Firstly, we shall show that {Ij] + JT,)k contains {Ly^u- To this aim, put 
T = (pi, . . . , pfc-i). Then for m in r-*- fl M', we have 

e{T,m)=Dp^---Dp^_^{ ^ {m,Vp)Dp) 

PeS{l)-{pi p;,_i} 

such that (p,r) £ S 

= Dp,--- Dp^_^ ( J2 ("^' • 
pes{i) 

Here by =, we mean "modulo monomials Da^-'-Da^ such that {pi, . . . , pk) ^ S". 
Clearly, if (ai, . . . , a^) ^ S, ■ ■ ■ Da,, is contained in (Js + Jj])k- Hence (Is + JY,)k 



14 



ISAMU IWANARI 



contains (Ls)fc. Taking account into Lemma [2.41 (i), by an elementary argument as in 
the proof of [51 Lemma 10.7.1], we see that the canonical injective map 



Pi,...,PfceE{i) 

+ 



Pl,...,pj.GE(l) Pl,...,pj.eE{l) 



Pl.....Ps6E{l) 
■ ,rs&I':^-l, r^H hrs 



is bijective. To prove our claim, it suffices only to prove that (Le)^ contains 
(/^ + Js)° := (/^ + Js), n ( ZD,,...D,,). 

Pi Pfces(i) 

Notice that (Ls)fc generates rational equivalent relations on the (dim[(l^ xU)/G] — k)- 
dimensional torus- invariant cycles (cf. [Gj Proposition 2.1 (b)]). Then our assertion is 
clear since (Jg + Jj])i defines rational equivalent relations and if (pi, . . . , Pk) ^ S, the 
intersection V{pi) fl ■ ■ ■ fl V{pk) is empty. Thus we have (Is + Jt,)1 C {L^)k- This 
implies our claim. □ 

Now let us go back to the proof of Theorem 12.21 again. 

Note that Ai(S'(A,AO)) = Ai+N^k+r){{W x U)/G) for N > dim jr(A,AO) - i (cf. [1]). 
The map 

r/ o e : Z[%, p e A(l)]/(/(A,AO) + Ja) x f/)/^]) 

is bijective modulo degree A^. Since N is an arbitrary positive integer, thus we complete 
the proof of Theorem 12.21 □ 



Example 2.7. Let us look at some examples of toric stacks. 

((i)) Let A be a complete fan in A^k with rays pi = ]R>o • (2ei — 62), P2 = K>o • 
(— Ci + 262), and p3 = M>o ■ (— Ci — 62). Then by Theorem 12.21 there exists an 
isomorphism of graded rings 

SRa = D2, D;]/{2D, - - D-,, -D, + 2^2 - D^, D.D^D,) ^ 

^*(^(A,A«a„))' 

where maps to Ci(C('^(pj))) in 74^(=^(A,A0 ))fori = 1,2,3. Thus we see that 

^°(^(A,AO,j) = Z, AH^(A,Aea„)) = ^ ® ^/Si, A2(^(A,A0,j) = Z © (Z/3Z)®2, 

and A'=(^(A,Ao,j) = (Z/3Z)®3 for A; > 3. On the other hand, the Chow group 
(resp. operational Chow group) A^{X/^) (resp. A*{X^)) of the toric variety 
Xa are computed as follows: Aq^Xa) = Z, Ai{Xa) = Z © Z/3Z, v42(Xa) = 
Z, AkiX^) = for A; > 3 or A; < 0, and A^(Xa) = Z for < A; < 2, A''{Xa) = 
for > 3, by using Proposition 2.1 and Proposition 2.4]. 
((ii)) (Weighted projective line). Let = Z ■ e be a lattice of rank one. Let (S, S°) 
be a complete fan in with rays pi = ]R>o ■ e and p2 = M>o ■ (— e). Let a ■ e 
and 6 ■ (— e) be generators of S° on pi and p2 respectively, where a and 6 are 
positive integers. If a and b are coprime, we have an isomorphisms of stacks 
V{a,b) = [(A^ - (0,0))/G^] = .^(s.eo) (the proof is left to the readers). Here 
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the action of is defined by u ■ {x, y) ^ {u°-x, u^y) for u G Gm- Then we have 
an isomorphism 

Z[t]l[ah ■ e) ^ A*( jr(s,EO)) = A*{V{a, h)). 
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